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A PARAMETRI.C STUDY OF CONSTANT THRUST, ELECTRICALLY
PROPELLED MARS AND VENUS ORBITING PROEES
by Leonard G. Rossa

Iiewis Research Center

SUMMARY

A study has been made to determine the effect of mission travel time and
the vehicle performance parameters on payload for the Mars and Venus orbiting
probe missions. The vehicle 1s assumed representative of early electrically
propelled spacecraft that operate at constant thrust and constant effective
speciflc Impulse. TFor both the Mars and Venus mlssions, propellant fraction is
given for a wlde range of effective jet power to initial weight ratio Pjeff/wb’
effective specific impulse I rp, and total travel time Ti. Propellant frac-

tlons are comparable for Venus missions 25 days shorter than Mars misslions, and
the effect of initial orbit altitude on propellant fraction 1s insignificant.
The effects of P'eff/wb: Ierr, and Tg on payload fraction wyp are illus-
trated. In additlon, the effects of specific powerplant weight o and a
structural factor on maximum payload fraction are gilven for the range of travel
times.

At maximum wp,, both o (at = a/n where 17 1s overall thrustor effi-
ciency) and Ty have equally significant effects on wyj roughly the same wy,
can be obtained with o' = 10 or 30 pounds per kilowatt if Ty 1s allowed to
increase 100 days for the Mars or Venus mlssions. The assoclated optimum val-
ues of Pjeff/wo and I pe are also gilven for the maximum wy cases. It is

shown that both parameters are primarily affected by o' with only a slight
effect due to Ti. For maximum payload fraction at low powerplant welghts, the
Pjeff/wb and Igpr should be high. Increases in the travel time requlire de-

creasing Pjeff/wo and Increasing I.rr. The structural factor in all cases
has little effect on the optimum Wy, Pierr/Wo, and Igpe-

An example of the use of the data and the effect of a variable efficlency
function (e.g., N = (I pp)) are glven for a Mars spacecraft using mercury
electron-bombardment thrustors. The major effect of thrustor inefficiency on
payload fraction is shown to be increased powerplant fraction because the re-
sulting optimum propellant fraction 1s near the optimum value for n = 1l.0.
Finally, a decrease 1n thrustor efficiency also has the overall effect of de-
creasing the optimum Pjeff/wo and TI.rp. The problem of maximum absolute
payload 1s also discussed, and an example 1s given for a Mars spacecraft with
a 300-kilowatt electrlc powerplant at o = 10 pounds per kilowatt. Specifi-
cally, payload is maximized wilith respect to gross weight at flxed power.



INTRODUCTION

Electric propulsion systems are attractive for many space missions because
high specific impulse and low propellant flow rate give low propellant fraction.
Unlike chemical and nuclear rockets, electrlc rockets have high power-
generation equipment welghts, which may result in small payload fractions.

Thus, 1t 1s necessary to carefully balance the powerplant and propellant welghts
for maximum payload. This balance results in low installed power causing very
low thrust to welght ratios and long engine operating times. This departure
from impulsive conditions demands optimlzation of thrust magnitude and direc-
tion to give least propellant consumption. With the appropriate set of con-
straints, such optimum thrust programs can be attained through the use of vari-
ational calculus. Examples are the power-limited variable-tlrust program
(refs. 1 and 2) and the comstant-thrust program (refs. 3 and 4). The variable-
thrust program is of interest because 1t gives the best possible performance;
however, it may be unachlevable for early applications because of the wide
range over which thrust and specific impulse must be varied. Therefore, for
early applications, the constant-thrust program is of interest. When the
constant-thrust program is assumed, the effects of 1nitial thrust to weight
ratio and specific impulse on propellant fraction must be investigated. For
any low-thrust mission, the total travel time i1s also an Ilmportant parameter
because of 1ts effect con propellant requirements and mission reliability.

Several studies (e.g., refs. 4 and 5) have been made that express a pay-
load fraction as a function of total travel time3 however, they do not cover a
complete spectrum of the corresponding vehilcle performance parameters. In this
report, a study bhas been made to determine the effects of both mission time and
vehlcle performance parameters on payload for constant-thrust Mars and Venus
orbiting probe missionse.

In reference 5, a study was made for the Mars orbiter misslon and the
Venus capture (rendezvous) mission. This study used both the variable-thrust
and constant~-thrust programs. When the constant-thrust program was used, it

T
was assumed that minimization of j‘ a? dT at a given specific impulse approx-
0

imates the case of minimum propellant fraction. (All symbols are defined in
appendix A.) The integral itself 1s a parameter that arises from the con-
straint of constant power. Although the approximatlion has been shown (ref. 4)
to be quite accurate (l to 2 percent), only minimum propellant fractlion data
1s glven. Therefore, the effects of thrustor efficiencies on payload cannot
be accurately assessed. Reference 5 does, however, illustrate the effects of

T
the ellipticlty of the Mars orbit by giving the minimum j’ a% @7 terminal
0

mass for the best and worst encounters of Mars. The results indicate a differ-
ence of about 5 percent or less between the best and worst encounters.

In reference 6, payload optimizatlion techniques were discussed in detall
for the Mars rendezvous mission (hellocentric transfer only) and results were
presented for transfers wilith optimum travel angle and best encounter of Mars
ellipbic orbit. Effects of both specific powerplant welght and efficiency on
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vehicle parameters were also dlscussed.

The present study assumes that the thrust and specific impulse are held
constant throughout the flight, except that the engine is shut down whenever a

coasting period 1s beneficial.

During heliocentric thrusting periods, the

thrust 1s directed optimally as determined by a calculus-of-variations computer

program.

(Hereinafter, this thrust program is referred to as constant thrust.)

During splrals, the thrust is directed tangentially (ref. 7), which very

closely approximates the true optimum (ref. 1).
as a serles of two-body problems, and, for the heliocentric transfer, only the
optimum travel angle transfer is used.

The entire mission is treated

In all cases, the heliocentric transfer

is made between assumed circular, coplanar orblts at a mean distance from the

Sun.
are Synonymous.

For circular planet orbits, the optimum travel angle and best encounter

In this report, the propellant fraction is given as a function of effec-
tive jet power to initial welght ratio for constant values of specific impulse

and total travel time for Mars and Venus orbiting probes.
effects of any vehicle parameters on payload can be investigated.

From this data, the
Since thrus-

tor efficlency varies widely with design and type, no attempt other than an
1llustrative example has been made to generallze the effect of their efflcien-

cles on the payload.

The propellant fraction data glven form a sufficiently

complete starting point for most mission analyses, vehlicle design, and thrustor

evaluatione.

To illustrate the use of the data, the performance of a typical Mars or-

biting probe is dlscussed 1n appendix B.
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Figure 1. - Schematic of Mars and Venus orbiting probes.

The problem treated 1s that of find-
ing maximum payload for a typlcal spacecraft.
The effect of electric power and gross weight
are discussed to illustrate problems encoun-
tered in integrating the spacecraft with an
orbital booster.

ANATYSIS
Orbiliting Probe Trajectory

In any mission analysis work, some crite-
rion is chosen for optimization. This gen-
erally is the maximum useful payload fraction
commensurate with such factors as economy,
reliabllity, avallability, and so forth.

Fven when the latter factors are neglected,
it 1s desirable to employ minimum propellant
maneuvers from the start to the end of the
mission. In some cases, however, optimum
trajectories and their corresponding thrust
programs are not compatible with available
thrustors and guidance systems.

For Mars and Venus orbiting probes using
3



early electric propulsion systems, an optimum on-off constant-thrust trajectory
appears feasible; that is, optimum in the sense that thrust vector steering
over the relatively long propulsion periods glves minimum propellant expendi-
ture. Such interplanetary trajectories with optimum placement and duration of
intermediate coast phases have been demonstrated in references 3 and 4. These
trajectories, computed by indilrect variational caleulus techniques, have been
used herein for the Interplanetary phase of the mission. The entire trajectory
(fig. 1) for the orbiting probe is treated as a series of two-body problems -
an Earth escape spiral, a heliocentric transfer, and a planetocentric capture
spiral, The planets (Venus, Earth, and Mars) are assumed to be in cirecular,
coplanar orblts about the Sun. The same thrust and effective gpecific impulse
1s assumed operative over the entlire trajectory. The splrals are constant tan-
gentlal thrust maneuvers between 400-statute-mlile circular orbits and escape
relative to the planets (ref. 7). Although the restriction of a 400-statute-
mile orbit is arbltrary, the effect of initial orbit altitude on the overall
mission 1s small. This effect is further discussed in the section RESULTS AND
DISCUSSION for a typical set of vehicle parameters.

In basic trajectory work, two parameters are important - the thrust acting
on the vehicle F and the rate of change of vehicle mass I?J,b,' however, results
are not always convenlently expressed nor widely used with F and ﬁt as
parameters. Other trajectory performance parameters more widely used in elec-
tric propulsion mission studles are effective specific impulse

F
Ierr = — (1)

8y

and effective jet power

_ 8clersF
Plerr =~ 7 (2)

where g, = 9,80665 meters per second per second.

The terminoclogy of effectlive specilfic impulse and effective Jjet power 1s
used here to emphasize the fact that ﬁt 1s the total mass flow rate. In an

ion thrustor system, for example, my can represent the accelerated ions that

produce the thrust and neutral atoms, which result from the inefficiency of
ionization. Note that the assumption of constant F and I pr also implies
constant 1.

In addition to the two trajectory performance parameters given previously,
the mission parameter total travel time T 1s also important in that it af-

fects the propellant fraction and mission relilability. Thus, propellant frac-
tion can be stated as

P.
£t
WP = WP<—‘.€J;L, Ieff’ T‘t) (3)




for the optimum constant-thrust trajectorlese.

Welght Analysis

To this point only the trajectory has been discussed. The purpose of this
section is to 1llustrate how the Wy data 1s used in the orbiting probe mis-
slon analysis. The dmportant parameters affecting payload fraction are defined,
and criteria are glven for maximum Wy, Since this 1s a preliminary analysis,
no attempt is made to define a useful payload by including the multitude of
small systems that make up a spacecraft. Herelnafter the spacecraft is con-
sldered to be payload, electric powerplant, propellant, and a propellant-
dependent structure.

Definitlon of parameterss - With the aforementlioned assumptions,

Wo = W, + (1L + ks)wé + Wyp (4)
or

=1 - (1 + ks)wp - (5)

YL
where the W's are system weights and w's are welght fractlons. For the opti-
mized constant-thrust trajectorles, the propellant fraction is given by equa-
tion (3). The weight fraction of the powerplant is defined as

= 2P
¥op = W, (6)

where o 1s the specific welght of an electric powerplant delivering £ kilo-
watts of electric power to the thrust producing system. The welght of the pow-
erplant 1s assumed to be the welght of all the components (heat sources, con-
version equipment, conditioning egquipment, etc.) necessary to produce electric
power at the required currents and voltages.

If the overall efflclency 7 1s defined as the ratio of effective Jet
power to input power, the powerplant fractlon becomes

W = g Ps.eff (7)
PP T q Wb

In appendix B, it is shown that for lon thrustors the overall efficiency can be
expressed as the product of the propellant utilization efficiency s and the

thrustor power efficiency mnp. It is also shown that np 1s only a function
of T and Ieff for a given propellant and thrustor design. Therefore,

@ Piers (8)

WPP = T](T]u; Ieff) WO




Substituting equations (3) and (8) into equation (5) results in the payload
fraction

P, P
jeff a jeff
wp =1 - (1 + k)|, I 7 ) - 9
L ( ) P<‘Wo ere? t) M(Nys Tere) Wo (8)

Criteria for maximum wp. - From equation (9), it is evident that the
parameters affecting the ;pa,yioad fraction are the vehicle performance parame-
ters Pjeff/wb and T grp, the thrustor performance parameters m,, the mission
parameters Ty, and the constants kg and a. These parameters can be divided

into two groups - those free for optimization and those that must be treated as
speclfied constants. If Ty, kg, and o are treated as specifled constants,

then payload fraction can be optimized with respect to Pjeff/wo, Ierr, and
Ty A range of the constants will then give thelr gross effects on an opti-
mized payload fraction. Thus, differentiating equation (9) for this case gives

OL(P._-jeff>
on

W P.
0 a jeff
d = d - — d
"L n? Oy a n ( Yo )

g

(10)

- (1 + k) -
s aIeff nz

For a maximum wy,, dwp, = O, and, since Pjeff/wo, Iefr, and 1ny are all inde-
pendent variables, coefflcients of the differentlals of these wvariables must
independently be zero. If any one of these independent variables 1s also con-
sidered specified, then 1ts differential is zero and no information is obtained
from the coefficient in equation (10). In general, the necessary conditions
for a maximum payload fraction are

9
Myt B—;‘; =0 (11a)
Pjeff
Q)
BWP WO an
Teprt o= = (11b)
eff (1 + k )n® “tefs
P. ow
Jjeff D _ a
Wo a(ﬂ jerr) | (L 7 Kg)n (1)
W
0




Since the condition expressed by equation (lla) is simply the requirement of
maximum overall efficlency for each Igrs, using 1 = My (Ierr) satisfies one

condition for maximum wr,. The details of satisfying equation (1la) are glven

in appendix B for the Mars probe using state-of-the-art mercury electron-
bombardment thrustors. Thils conclusion could have been made dlrectly from
equation (9) since maximum overall efficiency ensures minimum ¥wp and has no

further effect on w at a given I . The propellant utilization efficilency
P eff

is, however, used as an independent varlable because such component weights as
thrustors (if they had been included) may require overall efficiencies less
than maximum to ensure maximum wr,.

At each Pjeff/wo, a local maximum can be obtained with respect to Igef.

The condition necessary for the maximum 1s expressed by equation (11b), which
depends on the efficiency funection, the specific powerplant welght, and the
structural factor. Thus, the cholce of the best I pr 1is affected by all

these parameters; however, for the gpeclal case when efficiency 1s assumed a
constant (not a function of Igps), Bn/aleff = 0. Hence Bwp/aleff =0 at

maximum payload fraction. For this case, the optimum I fr 1s independent of

any of the specified constants. Moreover, the propellant fraction is a minimum
with respect to I_gg.

At a given I ¢f, equation (1lc) is the condition necessary for a local
maximum with respect to Pjeff/wb' Since this expression is independent of
Pjeff/wb’ it is generally easy to satisfy. For n = 1.0 and kg, = 0, the con-
dition reduces to the requirement that the slope equals -c.
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Figure 2. - Effect of vehicle performance parameters and total travel time on propellant fraction.



To summarize, two methods can be used to obtain maximum wp. It can be
obtained directly by computing several values, plotting the results, and se-
lecting the maximum. Another method is the Indirect method of satisfying the
criteria for a maximum (i.e., eg. (11)) to determine the optimum performance
parameters. These can then be used to compute the maximum wy. Both methods
have merit; the former is stralghtforward but can involve many repeated calcu-
lations, while the latter method can lead to reduced computations and often
gives an insight about the nature of the optimum. The utillity of this method
is illustrated in appendix B.

RESULTS AND DISCUSSLON
Trajectory Results

The results of the orbiting probe trajectory calculations are given 1n
figure 2. In thls figure, w is given as a function of Pjeff/wo (kw/lb) with
lines of constant Igpf (sec? and Ty (days). A typlcal curve is given in fig-
ure 3 to aid in the explanation of figure 2. Note in figure 3 that at a given
Ieff and Tt, W rapidly decreases from the all propulsion (no coast) value
to the value characterized by the best heliocentric travel time. This lower
bound is the low-acceleration equivalent of the Hohmann transfer for impulsive
thrust. Not all of the
curves of flgure 2 end at
this lower bound because
an arbitrary range on
-9 F/Wy was imposed - val-
T ues less than 0.5X10™% or
S greater than 5x10~%4 were
— ‘ ‘ not consldered.

LOp—q -

P . Several character-

] | o P istics are to be noted

‘ : : | about the curves. First,
travel | | ! the clusters of Ty
Allprovuision | T, curves at one I ey all

" boundary T approach nearly the same

.4 value of Wp at the low-

| 0 acceleration equivalent
M~ of the Hohmann transfer.

T For example, at

P acus of best 1 Ters = 2000 seconds, the

heliocentric lowest w for all T‘t

1 travel times 1s about 0.54 for the

. Mars orbiting probes.
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is equivalent to allowlng for a coasting phase on the heliocentric trajectory.

A comparison of figures Z(a) and (b) reveals that propellant fractlion at
low values of Pjeff/Wb and T, pe are significantly higher for Venus missions.
This penalty is due to the higher gravity losses experienced during the Venus
capture spiral since the mass of Venus 1s approximately 7.5 times the mass of
Mars. At higher values of Pjeff/wo and Igpr, this difference vanishes and
the Mars mission 1s seen to be more difficult. The predominant effect is that
the Mars-Earth radius ratio (~1.52, i.e., relative distances from the Sun) is
higher than the Earth-Venus radius ratio (~1.38). If, however, the Mars probe
1s given slightly more time, the missions are much more comparable. For ex-
ample, an orbiting probe vehiecle with Pjeff/wb = 0.04 kilowatt per pound,
Ierr = 6000 seconds, and wp = 0.328 can deliver the same mass to Mars in
175 days or to Venus in 140 days.

Effect of Initlal Orbit Altitude

As stated previously, the effect of initial orbit altitude on the mission
i1s small. This 1s i1llustrated in figure 4 where Wy is plotted against ini-
tial orbit altitude hg for a 250-day Mars mission with Igpr = 6000 seconds.
From the figure at Pjeff/wo = 0,020 kilowatt per pound, 1t 1s seen that for a
change in hgy from 200 to 1000 mlles, Yp decreases from 0.283 to 0.270 - a
savings of only 4.6 percent. The effect of hp d1s small because a vehicle at
escape (the start of the heliocentric transfer) from a low orbit has a higher
thrust acceleration than the same vehlcle from a hlgher orbilit. This higher
thrust acceleration tends to reduce propellant requlrements for the remalnder
of the trip; however, a spiral from a low orbit requires more time. With the
constraint of constant total travel time, this means less time for the helio-
centric transfer and capture splral and for this case, more propellant. As the
Mars spiral requirements are small, these effects primarily influence the
heliocentric transfer. Thus by trading
allotted time and thrust to welght, the

.6 —
‘ ‘ helilocentric propellant requlrements re-

Effective jet power to main about the same, and the overall ef-
-3 — initial weight ratio, 7 fect 1s approximately the propellant dif-
— Pt Wo. ference for the Earth spiral., From these
= 4 rmﬁ arguments 1t can be concluded that there
é ] 0,015 1s 1ittle error in using the data for mis-
g 3 __“—“:¥L— _I:: sions that commence in circular orbilts
E I D S -%% somewhat different than the assumed value
= ="00 | of 400 statute miles. It 1s also belleved
s .2 . 050— that initial orbit altitude has little
- effect on the Venus orbilting probes.
.1
Effect of Performance Parameters
° mﬁal or?a??altitugg) hy, smte mi}(e)(sm e In the ANALYSIS, 1t was shown that
. T for maximum wy, minimum propellant frac-
Figure 4. - Effect of initial orbit altitude on propellant
fraction for Mars orbiting probes. Total travel time, tion was optlmum for constant efficilency.
250 days; effective specific impulse, 6000 seconds. In the example in appendlix B, equa~-



tion (11b) was satisfied for an efficiency function, which is representative of

mercury electron~-baombardment thrustorse.

The results were also shown to be
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reasonably approximated by assuming aWp/aIeff = Q.
ing payload computatlions, n 1s assumed to be constant.
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propellant fraction 1s given as a functlon of Pjeff/wb for values of constant
Tt. The optimum values of Teff are also traced on the figure, With the

assumptlon of constant effieciency, 1t is convenient to define o' = a/n since
o and 7 appear only as the ratio in equations (9) and (11).

To 1llustrate the optimum discussed and the effects of off-optimum vehicle
performance parameters, wy, is given in figure 6 for o' = 10 pounds per kilo-
watt and kg = 0.10. The dashed lines tie the points where wy, 1s optimized
with respect to Pjeff/wo at constant Igre. At any value of Ty and Tgpf
(e.g., 250 days and 6000 sec for the Mars mission), wy, 1s seen to be relatlvely
insensitive to Pjeff/wb near the optimum of 0.0182 kilowatt per pound. For
example, a 10-percent change in Pjeff/wb produces about the same change in
w13 however, a random choilce of Pjeff/Wb can result in very significant pen-
alties. If Pjeff/wo 1s held constant, the effects of I gr are roughly the
same as those of Pjeff/wo. Thus, optimizing both parameters is equally im-
portant.

If the envelope curve is drawn to the curves of constant Ty for the
range of I pp, maximum wy, would be obtained as a function of Pjeff/wb‘
These are equivalently the payload fractions for the cases of minimum Wpe The
results for the complete range of Ty are given in figure 7. As shown in fig-
ure 7, Iorr can be varied from the optimum in the range of 5000 to 10,000 sec-
onds with little penalty in wp. Also note that the maximum wy, attalnable
is determined mainly by Ty. An Interesting result, also noted in reference 6,
is that Pyepe/Wo and the optimum Igpr at any Ty vary so that the initial
thrust to welght ratio F/WO is nearly a constant. For example, at
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Ty = 250 days, F/Wb = 1.28x10"% at Iepp = 4000 seconds and 1.42x10°% at
Icre = 10,000 seconds.
- Effect of Specific Powerplant Weight, Structural
Factor, and Total Travel Time

Maximum wpe - In figure 8 the maximum payload fraction 1s plotted as a
function of total travel time. For the chosen values of o' and kg, both
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Figure 8. - Effect of total travel time, specific powerplant weight, and structural factor on maximum payload fraction,

Piepe/Wo and Igpp have been optimized. It is noted that both o' and T
have a much larger effect than kg . Also, a Mars orbiting probe with a power-

Plant at o' = 30 pounds per kilowatt can carry about the same payload as one
with o' = 10 pounds per kilowatt if Ty 1s extended by 100 days.

Optimum Pjeff/wb‘ - In figure 9, Pjeff/wo, to achieve maximum payload
fraction, is plotted against Ti. This figure shows that the optimum Pjeff/wo
is primarily a function of a'. This is particularly true at high values of
a' where only a small change in Pjeff/wb occurs over the entire range of
Tt. It i1s also noted that at low «f, the Pjeff/wo is high and vice versa at
high a's In fact, the powerplant fractlon Vpp = “leeff/wb is roughly a
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constant between 1/4 and 1/3 over the entire range of Ty and a', except at
high T¢ and low o' and low Ty and high o' (i.e., the upper left-hand
corner and lower right-hand corner of fig. 9).

From figure 9, it 1s also seen that decreasing the total travel time re-
quires increasing Pjeff/wo. For the low values of o', the increase is more
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(a) Mars orbiting probes. (b) Venus orbiting probes.

Figure 9. - Effect of total travel time, specific powerplant weight, and structural factor on optimum effective jet power to initial
weight ratio.

prronounced since propellant fractlion can be reduced without significant in-
creages 1in the powerplant weight. At any a! +the 10-percent structural factor
has the constant effect of increasing Pjeff/wo by about 0.002 kilowatt per
pound.
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Optimum Ieff‘ - Figure 10 gives the optimum I_p¢ for the maximum pay-

load cases. The effect of Ty here is opposite to that of Pjeff/wb because
the vehicle acceleration is directly proportional to Pjeff/wb and 1lnversely
proportional to I pr. Specific powerplant weight of also determines the
range of I rr. For example, the optimum I.pr 1s between 5000 and 10,000 sec-

onds for o? = 10 pounds per kilowatt and between 2000 and 5000 seconds for
a'! = 30 pounds per kilowatt. The effect of the 10-percent structural factor
is to Increase the optimum I pr Dby about 500 seconds or less. From figures 9

and 10, the optimum F/Wb can be obtained. If this is done, it will be seen
that F/WO is primarily determined by Tt. The effect of increasing Ty 1s
to decrease the F/Wb. Increasing o' has the slight effect of reducing the
optimm F/H.

CONCLUDING REMARKS

A parametric study has been made of constant-thrust, low-acceleration Mars
and Venus orbiting probes. Propellant fractions are given for a broad range
of vehicle performance parameters for the missions that are treated as a series
of two-body problems. Constant tangential thrust is used for the planetocen-
tric portion, and an optimum constant thrust (with coasting periods) is used
for the heliocentric portion of the mission. Although all the data 1s for a
mission commencing in a 400-statute-mile circular orbit, the effect of initial
orbit altitude is shown to be small.

The propellant fraction data for both Mars and Venus is very comparable
for the same set of vehicle performance parameters (Pjeff/wo and Ieff) except
that the Venus mlssion occurs in less time. This is true because the stringent
requirements of the Venus capture spiral tend to compensate for the difference
between Mars-Earth and Earth-Venus radius ratios.

Payload fractions are given for a simplified model of an electrically pro-
pelled spacecraft. The effect of off-optimum vehicle performance parameters is
illustrated for a representative set of parameters over a wide range of travel
time. The effects of speclfic powerplant weight, a structural factor, and
total travel time are illustrated for maximum payload fraction where Pjeff/wb
and I.pe are optimized.

As these results were all for the case of constant Thrustor efficilency,
a representative variation of 7 with I er was studied. The results (in

appendix B) indicate that the optimum propellant fraction is only slightly
higher than the minimum propellant fraction, and that the overall effect is
essentially only an increased powerplant fraction. The corresponding vehicle
performance parameters are slightly lower for this case than for the case of
maximum payload fraction with 100-percent thrustor efficlency.

In appendix B the problem of maximum Wj is discussed. It 1s shown that
when Wy is specified, the case of maximum Wy, with respect to P is iden-
tical to the case of maximum payload fraction. In general, maximum payload
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at any Wo and P are not maximum payload fraction cases. These considera-
tions are important when a spacecraft of glven power is integrated with avail-
able boosters of a glven orbital payload capabilities.

Lewls Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, August 4, 1964
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APPENDIX A

SYMBOLS
thrust acceleration
thrust, newtons
initial acceleration, Earth g's
9.80665 m/sec2
orbit altitude, statute miles
effective specific impulse, sec
a units conversion constant
propellant dependent structural factor

molecular weight

mass flow rate of accelerated propellant, kg/sec

total mass flow rate of vehicle, kg/sec
input power to thrustors, w

Jet power, w

effective jet power, w

thrustor power losses, w

travel time, days

average exhaust veloclty, m/sec

system weight, 1b

system weight fraction

powerplant specific weight, 1b/kw
a/m, 1b/kv

overall thrustor efficiency

thrustor power efficlency

-
i
-/



M propellant utilization efficiency

E thrustor power loss per ion produced, ev/ion
Subscripts:

L payload

max  maximum

0 Initial

opt optimum

P propellant

pp powerplant

t total



APPENDIX B

PAYT.QAD CAPABILITTIES OF TYFICAL
MARS ORBITING PROBE

The purpose herein is to discuss the performance of a low-thrust Mars or-
biting probe and to 1llustrate the effect of a typical state-of-the-art engine
efficiency. ©Since subsystems such as thrustor and powerplant are often devel-
oped 1ndependently, the principal problem 1s one of integrating and assessing
their individual effects on the mission. Suppose the problem is stipulated as
that of optimally delivering payload to Mars in 300 days with a nuclear-
electric powerplant weighing 10 pounds per kilowatt. Mercury electron-
bombardment ion thrustors are to be used, and the effects of their effilciency
on performance are to be estimated. This problem 1s similar to the maximum
payload fractlion problem in the text except for the efficilency function assumed,
and the performance can readlly be assessed from the data and methods given.
If, however, the electric powerplant output is fixed and the system 1s to be
integrated with a booster with given payload capability, maximum payload does
not necessarily occur at the maximum payload fractlon. In other words, the
problem would then be to maximize the delivered payload of an electrically pro-
pelled vehicle, glven an electric powerplant output and some gross weight in
orbit determined by the booster performance. This case, termed the problem of
maximum payload, will also be treated herein.

Effects of Thrustor Efficilency
To assess the effects of thrustor efficlency, it is necessary to determine
how the overall efficiency 1s affected by vehlcle performance parameters and

thrustor performance parameters. The overall efficiency of the thrustor is
defined as the ratio of effective jet power to total input power

P
n = ST (B1)

When any thrustor is considered (ref. 8), the power efficiency can be de-
fined as the ratio of Jjet power to total input power

P.
= J
np = (B2)
P P
where Pj 1s defined by the net thrust and average exhaust veloclty as follows:
— 1 =
Py =S IV (B3)

The average exhaust veloclty v 1s defined as the thrust divided by the flow
rate of the accelerated propellant m. If the propellant utilization efficlency
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Ty is defined as the ratlo of accelerated propellant to the total mass flow
rate 1, the average exhaust velocity becames

F

¥=— (B4)
T
where
n, = (B5)
g,

When equations (B3) and (B4) are substituted into equation (BZ), the power
efficiency becomes

1 FE

-1 _F B6

If equations (1) and (2) of the ANALYSIS are combined,

%

Pors :% (B7)

-

F

Thus, equations (B6) and (B7) give

P.
- Jjeff
T]P 'qugl ( B8)

and comparing equations (BS8) and (Bl) shows that
n = Npiy, (B9)
Thus, it 1s seen that the overall efficlency ls the product of the power and

propellant utilization efficlenciles. Another expression for the power effi-
cilency can be developed 1f total input power 1is written as

P =Py+ 2P (B10O)

where z: P; 1s the sum of all power losses. The sum of power losses can be

expressed as a power loss per ion produced £ multiplied by the ion flow rate.
For a plane diode, electron-bombardment thrustor with all molecules singly
charged, the sum of the power losses is (ref. 8)

kEn m
u -t
TP = (B11)
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where Xk dis a constant for the conversion of units and M dis the molecular
weight of the propellant. The power efficiency is then

P.
Il R S 1 (B12)
2ke 2kEn?

1+ ———
22
chIeff

p

R
-
+

|

Thus, the overall efficlency is
hy
2kEns

22
gMlerr

From equation (BlS) it is evident that the overall efficlency is a function of
the propellant type, the propellant utilization efficlency, the power loss per
ion, and the effective specific impulse. Furthermore, if a particular engine
design and propellant are considered, an operating curve of the power loss per
ion as a function of propellant ubilization efficiency can be experimentally

determined, and 1 can be expressed as

n = Tl(nu: Ieff) (B14)

(B13)

With the relations for 7 developed and the criteria for maximum payload
fraction developed in the ANALYSIS, the effect of efficiency can be determined.
A first condition Bn/ang = 0 (eq. (11a)) is satisfied by differentiating equa-

tion (Bl3). Thus, for My = O,
2
C w2  _ En2
dt 2k Ieff Eny, (BLS)
an.. 3
T]u T]u

which at a given I pr defines a poilmt on the operating curve (¢ against mny).
This point corre-

20007~ L0 sponds to the maximum

overall efficiency at

L the given Igrr. The

///// operating curve as-

6 v sumed here is given

d in figure 11 (ref. 9).

800 // For thils case, maxi-
// mum overall effi-

— clency, as defined by

0 2V
2 6 .8 L0 a0 a0 6o sxo 10,00 1z €duetion (B15), is

" Propellant utilization, o Effective specific impulse, I, sec glven in figure 12 as
a funetion of I .
eff

Figure 11. - Power losses Figure 12, - Maximum overall efficiency of mercury
in mercury electron- electron-bombardment thrustors. Thus, using this

bombardment thrustors.

\

1600

1200

n°7pMy

Power losses, €, evfion

Maximum overall efficiency,
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figure to calculate wy, satisfies one condition for a maximum.

Two conditions remain to be satisfied to obtain an overall maximum W,e

They are the conditions related to Pjeff/wb and Topr. From the ANALYSTS,
equations (11b) and (1llec) become

P. ow
Jeff, P - - o
Wo S(Edets (T + k)n (B16a)
Yo
o Pjeff)
Terrs (B16b)

Terr (1 + k )n? Ters

To obtaln the overall maximum wy,, both conditions must be simultaneously
satisfied. This can be achleved by a systematic trial-and-error procedure of
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Figure 13. - Trajectory results for 300-day Mars orbiting probe.
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finding the optimum Pjeff/wb and Ieff’ or by satisfying either one of equa-
tions (BlG) over the range of the other parameter and plotting the results to
determine the overall maximum. The latter procedure, with equation (Bl6a) sat-
isfied over the range of I rr was used here to illustrate the effect of
thrustor efficiency. In this way local maximum with respect to Pjeff/wb are
compared over the entire range of Icfre

The example chosen is a 300-day Mars orbiting probe with o = 10 pounds
per kilowatt and kg = O. The propellant fraction data and the auxiliary plot
of Bwp/a(Pjeff/Wo) are given in figure 13. From this data, the results ob-

tained for the efficlency comparison are shown in figure 14. Figure 14(a)
gives wy, as a function of TIgrf, and figure lé(b) gives the corresponding

optimum values of Pjeff/wb over the range of I.yp. Note that at maximum wr,
(fige. lé(a)) the decrease in efficlency causes a decrease in I.gp and
Pjeff/wb' In this case the optimum I.f¢ decreases from 8150 to 7900 seconds
and the optimum Pjeff/wb decreases from 0.0185 to 0.0175 kilowatt per pound.

1.0 r \ ‘
.9 ‘ \ b P
Efficiency, | . || |
n | i
S 10 . — |
- - nmax(leff) — 1 ;
|
1 ‘ i
|
-t : .
= . o
5 T 1
B / — A
= .5 e
=
15 /]
3 / | |
= 4 / s _ 04—t o i |
4/ 55 4 o ;
s = :
3 o - ! !
2=
2=
2 o> .02 ]
22— =
Es =1
= o
58 L=
1 = = .01 | =~
Ry e
E3 7
E =
0 200 4000 6000 8000 10,000 12,000 0 200 4000 6000 8000 10,000 12,000
Effective specific impulse, Io¢;, sec
{a) Payload fraction as function of effective specific {b) Optimum effective jet power to initial weight ratio
impulse for n = 1.0 and 7 = ay(Tefs). as function of effective specific impulse for 7 = 1.0

andn = nmax(Ieff)'

Figure 14, - Effects of thrustor efficiency for Mars orbiting probe. Total travel time, 300 days; specific powerplant weight,
10 pounds per kilowatt; structural factor, 0.
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The reason for these net effects 1s best explained with the ald of fig-
ure 15, whilch gives Wp and awp/aleff as a function of Igpe. For 10 = 1.0,

awp/aIeff must be zero for optimim Wy, and as seen from equation (Bl6b),

1.0 — |
] -
.9 — —
.8 || |
|
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| . ||
o
= 6 ] ]
<
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(a) Propellant fraction as function of vehicle perform- (b) Partial derivative of propellant fraction with respect
ance parameters. to effective specific impulse as function of vehicle

performance parameters.

Figure 15. - Trajectory results for 300-day Mars orbiting probe.

awp/aIeff must be positive for 1 = nmax(Ieff)‘ Figure 15(b) shows that the
actual slope 8wp/3Ieff (at constant Pjeff/wo) changes quite rapidly near
zero. Therefore, 1t is possible to satisfy equation (BL6b) with almost any
efficlency function over a very small range of Ieff for awp/aIeff = 0. For
example, w, = 0.257 and Ieff = 6870 seconds at Pjeff/wb = 0,015 kilowatt per
pound where awp/aleff = 0 (fig. 15). Using the thrustor efficlency assumed in
figure 12 results in awp/aIeff = 1.0x10~5 second~l, which gives wp = 0.259
and Tgrp = 7000 seconds. Thls is an increase of only 130 seconds in Igoef-
Since this shift in Iopp 1s small at constant Pjeff/wo, the change in pro-
pellant required is also small - for the previous example, Wp Increases about
1.2 percent of Wy for the decrease In 71 from 1.0 to 0.740. Thus, the de-
crease 1n payload fractlon (5.6 percent of Wb) shown dn figure 14 1s caused
mainly by an increase in powerplant fraction (4.4 percent of Wb) because of an
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effective increase In a. Slnce the powerplant fractlon wlll lncrease over the
entire range of Pjeff/wb and Ieff for 7 less than 1.0, the overall maxi-

mum W, willl occur at a lower Pjeff Wb.

With the aforementioned arguments, minimim Wip would serve as a good es-
timate for the optimm w, for any similar efficiency function, 7 = Mo Tape)e
To estimate payload fractions, only o« need be modified by l/n for the effi-
clency function assumed.

A final polnt to be made about the example concerns the calculation pro-
cedure. Normally when the effect of a parameter (e.g+, efficlency) is studied,
payload fractions are computed and the results plotted to determine the opti-
mums. As shown here, the calculatlon procedure can be shortened if auxiliary
plots of slopes of Vp against Pjeff/wo and Igpe are avallable. In pre-
paring the results of figure 14 for 0 = qmax(Ieff), five data points were cal-
culated by means of the method using slopes. At least three or four times that
many calculations are needed to produce the same curve 1f the optimums are to
be determined by plotting. Thus, repeated wy, ecalculations would definitely
warrant the construction of the auxiliary plots of the slopes from the Vg
data and the use of the method glven previously.

Maximum Payload

The problem of maximum payload 1s developed here for the 300-day Mars or-
biting probe mission. As stated previously, maximum payload and maximum pay-
load fraction are not synonymous. For thls reason the conditions necessary for
this second type of optimum are developed here. In the example given, 1t is
assumed that the electric powerplant weighs 10 pounds per kilowatt and kg = O.
The same state-of-the-art electron-bombardment thrustors used to i1llustrate the
effect of efflclency are also assumed. Thus, for this case payload is

Wy, = Wg{L-0 - vy l:T](%)’ Ieff] - a<%) (B17)

where 1 1s consldered, as before, to be a function of only Igrr and mNye

Therefore, from equation (B17) it is seen that there are four independent vari-
ables = My, Leffs é’/Wo, and Wg. These four variables, however, cannot be

. Line of

Line of maximum

ma -
Typical maximum wal\mum W >

W\ for specified
W and optimum 2~

/ I’

Typical maximum
WL for specified 2
1 and optimum Wy

Payload, W_

Gross weight, Wy

Figure 16, - Typical effect of gross weight and total power
on payload.
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simultaneously optimized. Hence, two special cases of maximum W, treated
herein are the following:

(1) Specify W, and maximize Wy with respect to 1, Iopps and 2.
(2) Specify & and maximize Wy, with respect to 7, I_pp, and Wy

To clarify the difference between them, these two cases are illustrated in fig-
ure 16 where Wy 1s shown as a function of Wo for several different values

of .

The first case 1s identical to the case of maximum payload fraction
treated previously. Hence, all the criteria necessary for an optimum must
identify the same set of 7, I ¢, and P. Hereinafter, thls case will be
referred to as maximum wr. Differentiating equation (Bl7) for the second case
glves

ow v Piors

dW; = (1 - w.)dWn - W, P ar - W P d( JE ) (B18)

L pIH0 T M0 AT pp ef T 7O B(P ,jeff) Wo

Yo
where
P

Jeff> -ng 2 3 o )
a = aW, + - AT . pp + a B19
(WO W& 0" Wo \Tege T 7 3y, “u (19)

Substituting equation (Bl9) into equation (B18) and rearranging yield

v 5 v B 3
o, = - 4P| 2 a?] ANy - WO<FI_L> i ST Ters
3 jeff eff d Jeff eff
Yo Yo

P. dw

Jeff P
+<(1 - + : aw, B20
- ve) g s(Fierz\|f° (220)

Yo

Then for an overall optimum with P specified, the following conditions must
be satisfied:

Nyt %%; =0 (B21a)
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awE o~ 1 Pjeff awp on (B21b)

T.ret
eft Ierf N Wo o (Pjers OLers
Wo
ow 1-w
Wt = = - P——R (B21c)
3 jeff) jeff
Wo 0

Several points are to be noted about the criteria for maximum Wy. As
expected, equation (BZla) requires maximum overall efficiency. Thus, using the
data gilven in filgure 12 (pe 20) satisfies one of the criterla for an optimum.
A comparison of these criteria with the case where P 1s specified to maximize
wy, results in the conclusion that maximum Wi, 1s an off-optimum payload frac-
tion. The final point to be made concerns the optimum vehicle performance
parameters for maximum Wy, with @P specified. Note that equations (B21) do

not contain «. Thus, the optimum Pjeff/wo and ILgpr (hence wp) do not de-
pend on the specific powerplant welght.

From the previous arguments,

7 —1 the results for maximum wp are

readlly obtained from the previous
sectionj however, for maximum Wy
with & specified, the calcula-
tion procedure used here consists
of satisfying equations (B2la)
and (B21b) by using figures 12,
13(b), and 15. The result is
(wP)o . and (Ieff)opt as func-

tions of Pjeff/wo (fig. 17).
Payload calculatlons were then
made for a typical set of parame-
ters, and the maximum Wy deter-
mined. This method gave the opti-~
mum vehicle parameters for any £
and o with the assumed thrustor
efficlency and total travel time.
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Optimum propellant fraction, (Wp)opt
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Effective specific impulse, (Ieff)optr sec
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Typlcal results are shown in

(a) Optimum propellant {b) Optimum effective spe-
fraction as function cific impulse as function figure 18 where WL is plotted
of E-:-ff.eptive jf:t power gf effective jet power to against WO for P = 300 kilo-
to initial weight ratio. initial weight ratio,

Eiaure 17, - Ot tant fraction and effect e watts. On the figure, the case
igure 17. - Optimum propellant fraction and effective specific im-

pulse for case of maximum payload with specified initial weight of maximum wL (da‘ta poin‘t) glves
and input power for Mars orbiting probe. Total travel time, 300 a payload of 7100 pounds with

days; overall efficiency, 7 = pyax{left) Wo = 13,100 pounds. At maximum
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W, the payload is 11,000 pounds with Wb = 27,500 pounds. Therefore, in this
case, 1.55 times the payload can be carried by operating the off-optimum pay-
load fractloni however, this gain
is made at the expense of 2.10 times

uu@| the gross welght in orbit.
Maximum
payload Maximum | With 27,500~-pound booster capa-

fraction payload bility, a better system would con-
sist of two 300-killowatt powerplants
integrated into one spacecraft.
From figure 18, the payload for this
case would be 2 X 7400 = 14,800

pounds - l.35 times the maximum WL

wlth the single 300-kilowatt power-
plant.

Payload in Mars
orbit, wy, Ib

B

2 16 20 4 28 32 36x03

Initial gross weight in orbit, Wg, Ib

oo

Figure 18. - Maximum payload in Mars orbit as function of in-
itial weight. Total travel time, 300 days; input power to
thrustors, 300 kilowatts; specific powerplant weight 10
pounds per kilowatt; structural factor, 0; overall efficiency,

n= nmax(leff)-

To summarize, the best payload

delivered by a spacecraft with a
glven powerplant and initilal gross weight 1s glven directly from a curve such
as that shown in figure 18, which satisfles the criterla given by equa-
tions (B2la) and (B21b). If the specified Wy 1s that value at maximum wr,
then certainly no better payload can ever be obtalnedj however, 1f Wy 1s that
value at maximum Wy, for the given powerplant, then the optimum ? should
be computed from the optimum vehicle performance parameters at maximum wy.
When this optimum power i1s more than twice the given power, more payload can be
delivered with a cluster of two identical powerplants (assuming that this 1s
possible). This option is avallable for low-weight powerplants where the
Pjeff/wb at maximum wy, 1s more than twice the value of Pjeff/WO at maximum

W

At high powerplant specific weights, maximum payload fractlion occurs closer
to maximum payload. This 1s true because as o I1ncreases, the criteria
(eq. (B16a)) approaches equation (B2lc), which is not a function of «. As
maximum wy, and maximum Wy, are the two most Important cases treated, the re-
sults for the 300-day mission with state-of-the-art electron-bombardment thrus-
tors are summarized 1n table I.

TARLE I. - SUMMARY OF RESULTS

@powerplant specific weight, 10 1b/kw.

Optimum | Effective Maximum Propellant |Powerplant | Payload
effective | Jet power |efficiency,|fraction, |fraction, |fraction,
specific |to initial L™ W W W,
1mpu§se, welght ax P PP
(Ieff E} I'atio,
opt
sec ¥ Pjeff/WO’
kw/1b
Maximum payload 7900 0.0175 0.765 0.231 0.229 0.540
fraction®
Maximum payload 3400 0.0060 0.550 0.491 0.109 0.400
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